
2011 Northwest High School Math Championship

Individual Test

1. Let x and y be real numbers such that 19x+ 57y = 95. The value of 3x+ 9y is:

(A) 5 (B) 9 (C) 11 (D) 15 (E) 21

2. Let x and y be real numbers such that x3! y3 = 0 and xy "= 0. The value of
x2010 ! y2010

(x670 + y670)3
is:

(A) !2 (B) !1 (C) 0 (D) 1 (E) 2

3. The product of all positive real numbers x that satisfy the equation xlog (xlog x) = 1027 is:

(A) 1 (B) 10 (C) 100 (D) 1000 (E) 10000

4. The expression
x3 + 7x2 + 7x! 15

x3 + 3x2 ! 9x+ 5
can be simplified into:

(A) x! 3 (B) x! 1 (C)
x+ 3

x! 1
(D)

x! 1

x+ 3
(E)

x! 3

x+ 1

5. If k > 0, and the system

!
x+ ky = 5

xy = (k + 6) y + 1
has a unique solution (x, y), then k equals:

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

6. The least possible value of the sum |x! 1|+ |x! 5|+ |x! 9| is:

(A) 6 (B) 8 (C) 10 (D) 12 (E) 14

7. The sum T =
1

1 · 2 +
1

2 · 3 + . . .+
1

20 · 21 can be written in the form
a

b
, where a and b are

relatively prime positive integers. The value of a+ b is:

(A) 39 (B) 40 (C) 41 (D) 42 (E) 43

8. The value of S = sin2 1! + sin2 2! + sin2 3! + . . .+ sin2 89! is:

(A) 44 (B) 89
2 (C) 45 (D) 91

2 (E) 46

9. The sum of all solutions to the equation
#
4! x+

#
x+ 1 = 3 is:

(A) 3 (B) 5 (C) 6 (D) 7 (E) 9

10. The expression
"
sin x+ cosx! sin 2x! 1

2

#"
sin x+ cosx+ sin 2x+ 1

2

#
can be simplified into:

(A) sin 4x+ 1 (B) cos 4x+ 1 (C) 2 cos 4x+ 1 (D) 2 sin 4x+1
4 (E) 2 cos 4x+1

4



11. Given that
log a

log b
=

201

2
, the value of

log a2

b

log b
is:

(A) 196 (B) 197 (C) 198 (D) 199 (E) 200

12. The positive integer N has exactly twelve di!erent positive integral factors. Two of these
factors are 12 and 30. The value of N is:

(A) 60 (B) 120 (C) 180 (D) 240 (E) 360

13. Three bags contain 4 red marbles, 6 blue marbles, and 8 yellow marbles, respectively. Five
balls are simultaneously drawn from one or more of these three bags. The probability of
drawing exactly 2 blue, 1 red, and 2 yellow marbles can be written as

a

b
, where a and b are

relatively prime positive integers. The value of a+ b is:

(A) 57 (B) 59 (C) 61 (D) 63 (E) 65

14. Two identical jars are each filled with an equal number of marbles. The marbles are colored
black or white. The ratio of black to white marbles is 7 : 1 in jar 1 and 9 : 1 in jar 2. If there
are 180 white marbles altogether, the number of black marbles in jar 1 is:

(A) 630 (B) 700 (C) 763 (D) 840 (E) 900

15. The sum of all possible solutions to the equation sin
"
x+ !

4

#
= cos

"
x+ !

6

#
with x $ [0, 2!]

can be written as
a!

b
, where a and b are relatively prime positive integers. The value of a+ b

is:

(A) 24 (B) 25 (C) 26 (D) 49 (E) 50

16. The value of

1 +
1

2 +
1

1 +
1

2 +
1

1 + . . .

can be expressed in the form
a+

#
b

c
, where a, b, c are positive integers and a and c are

relatively prime. Compute a+ b+ c.

17. Let P denote the product of all positive primes less than 100. What is the units digit of P?

18. What is the perimeter of the only rectangle whose diagonals have length 13 and whose sides
have integral lengths?

19. How many integral values of n satisfy the inequality 1 % n2 % 99n+ 100?

20. What is the probability that a randomly selected point inside a circle of radius 2 is farther
than 1 unit from the center? Express your answer as a reduced fraction.



21. If
x+ yi

1 + i
=

17

4 + i
, where x and y are real numbers and i is the imaginary unit, what is the

value of x2 + y2?

22. The lengths of the sides of a non-degenerate triangle are 3, 4, and x, where x is a positive
integer. In a second such triangle, the lengths of the sides are 32, 42, and x2. Find the sum of
the squares of all possible values of x.

23. Find the sum of all possible integral values of n for which the expression
n3 ! 53

n! 4
has an

integral value.

24. Find the sum of all real solutions to the equation x2 + 1! cosx = 0.

25. When I am as old as David is now, David will be 6 years older than I am now. How many
years older is David than I?

26. Find the sum of the squares of all integers n for which n3 + 6n2 + 11n+ 8 is a prime number.

27. Ten girls and five boys are in a room. Two of the fifteen people are randomly selected, and
they leave the room. What is the most likely ratio of girls remaining to boys remaining? Give
your answer as a reduced fraction.

28. If i represents the imaginary unit, find the sum of all integers k for which (1! 2i)k = 5k.

29. The roots of x2 ! ax+ a+5 are each 1 more than the respective roots of x2 + px+ q. Find q.

30. Batman, Superman, and Wonder Woman compete in a series of daily 3-way races. For each
race, the probability that Batman wins is 1

6 , the probability that Superman wins is 1
2 , and the

probability that Wonder Woman wins is 1
3 . On a day that Batman doesn’t win, what is the

probability that Superman beats Wonder Woman? Express your answer as a reduced fraction.

31. When expanded, 32011 will have d more decimal digits than 22011. If log10 2 & 0.30103 and
log10 3 & 0.47712, what is the value of d?

32. If Alex travels at 20 km/hr, he will arrive 1 hour late. If he travels at 30 km/hr, he will arrive
1 hour early. If he travels at r km/hr, he will arrive exactly on time. What is the value of r?

33. The set {a, b, c, d, e} has 32 di!erent subsets. If Peter finds the number of elements in each
subset, and then adds these 32 numbers together, what sum will Peter get?

34. In an arithmetic progression, the sum of the third and fifth terms is 14, and the sum of the
first 12 terms is 129. If the nth term is 193, what is the value of n?

35. Quadrilateral ABCD has an inscribed circle and the lengths of three consecutive sides are 4,
9, and 16, respectively. What is the length of the fourth side of quadrilateral ABCD?

36. In order, Ali, Bobby, and Carmen take turns flipping the same fair coin. The first one to toss
heads wins. What is the probability that Ali wins? Express your answer as a reduced fraction.



37. If p and q are the roots of 2x2 ! 5x+ 2 = 0, what is the value of log2 p+ log2 q?

38. Find the largest possible value of xyz if x, y, and z satisfy:

$
%&

%'

(x+ y) (x+ y + z) = 120

(y + z) (x+ y + z) = 96

(x+ z) (x+ y + z) = 72.

39. The principal value of sin"1 cos !
7 is k!. Express k as a reduced rational number.

40. If x, y, and z are integral lengths of the sides of a non-degenerate triangle, how many ordered
triples (x, y, z) satisfy x+ y + z = 12?


