
2013 Northwest High School Math Championship

Individual Test

Note: The first 10 problems count toward your team’s score (for the top 3 team members).

1. How many perfect squares less than 1000 have a units digit of 1?

(A) 3 (B) 4 (C) 5 (D) 7 (E) 8

2. Simplify: (2x3)4 · (4x5)6.

(A) 8x42 (B) 210x18 (C) 216x18 (D) 216x42 (E) none of these

3. Farmer Brown can fit 10 hens in a henhouse, and henhouses cost $10 each. How much money,
in dollars, would Farmer Brown have to pay for enough henhouses to house 747 hens?

(A) 74 (B) 75 (C) 740 (D) 747 (E) 750

4. What is the area of a triangle whose sides have lengths 5, 6, and 9?

(A) 10 (B) 10
√

2 (C) 12 (D) 6
√

6 (E) 15

5. Which of the following describes the graph of 9x2 + 211 = −25y2 + 36x + 200y?

(A) a parabola (B) an ellipse (C) a hyperbola (D) two lines (E) a point

6. What is the remainder when the polynomial x3 − 9x2 − x + 105 is divided by x− 6?

(A) −429 (B) −9 (C) −3 (D) 0 (E) 3

7. If x > y > 1, which of the following is equivalent to
6x2 + 6xy − 12y2

x + xy − x2 − y
?

(A)
6(x + 2y)

1− x
(B)

6(x− 2y)

1− x
(C)

−6(x− y)

x− 1
(D)

6(x + 2y)

x− y
(E)

6(x + 2y)

x + 1

8. There is a 13% chance that it will snow today, and there is a 7% chance that it will snow
tomorrow. What is the probability that it will snow at least one of the two days?

(A) 0.91% (B) 19.09% (C) 20% (D) 80.91% (E) 87%

9. A professor invites four of his students to dinner. If they are randomly seated around a circular
table, then the probability that the professor does not sit next to his student Tom can be
expressed as

p

q
, where p and q are relatively prime positive integers. What is p + q?

(A) 3 (B) 4 (C) 5 (D) 6 (E) 7
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10. Determine the point P (x, y) which divides the line segment from (−2, 1) to (3,−4) in the
ratio of 2 to 3.

(A) (−4
3
,−7

3
) (B) (−1

3
,−2

3
) (C) (0,−1) (D) (1,−2) (E) none of these

11. In triangle ABC, AC = 3, BC = 5, and 6 C = 120◦. To the nearest hundredth, what is AB?

(A) 6.00 (B) 6.44 (C) 6.85 (D) 7.00 (E) 7.74

12. What is the sum of the solutions to the equation e2x − 3ex + 2 = 0?

(A) 1 (B) ln 2 (C) ln 3 (D) 2 (E) 3

13. For how many nonzero integers k does the equation kx2 + 3kx+ 2k = 1 have no real solutions
for x?

(A) 0 (B) 3 (C) 4 (D) 5 (E) infinitely many

14. Let S = i2! + i3! + i4! + · · ·+ i2013!, where i =
√
−1. Then S equals which of the following?

(A) 2008 (B) 2009 (C) 2010 (D) 2011 (E) 2012

15. What is the sum of the largest two integers n such that
20n

n− 13
is also an integer?

(A) 104 (B) 143 (C) 221 (D) 390 (E) 416

16. How many integral solutions are there to the equation xx2+3x+2 = 1?

17. Find the smallest positive integer n such that 2400 · n is the cube of an integer.

18. The repeating decimal 0.20833333 . . . can be represented as
a

b
, where a and b are relatively

prime positive integers. Find the value of a + b.

19. What is the volume of the tetrahedron whose vertices are (0, 0, 0), (4, 0, 0), (0, 6, 0), and (0, 0, 8)?

20. Let a ? b = a2 − b. Find the sum of the squares of all values of x such that

x ? (2− x) = 5 ? (9 + 2x).

21. In quadrilateral ABCD, AB = 12, BC = 16, CD = 7, and 6 ABC = 90◦. If AD has an
integral length, find the sum of all possible lengths of AD.

22. How many four-digit positive integers have exactly two consecutive 3’s?

23. A point is randomly chosen inside an equilateral triangle with side length 2. What is the
probability that the point is at least one unit away from all three of the triangle’s vertices?
Give your answer as a decimal rounded to the nearest thousandth.
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24. Find the units digit of 357
9

.

25. How many distinct words can be formed by arranging the five letters AABCD, if the letter B
must appear before the letter C?

26. A movie theater sold 250 tickets and collected a total of $1506. If adult tickets cost $7.50 and
children’s tickets cost $4.50, how many children’s tickets were sold?

27. In an arithmetic sequence, the 20th term is 97, and the 13th term is 13. Find the 50th term of
the sequence.

28. Three fair standard dice are rolled. What is the probability that the sum rolled is 15? Answer
to the nearest hundredth of a percent.

29. Of the 100 freshmen who live in the Wild Wild West dorm, 20 take computer science, 30
take chemistry, 50 take math, 5 take both computer science and chemistry, 12 take both
computer science and math, 17 take chemistry and math, and 31 take none of these classes.
The probability that a randomly selected freshman from the dorm is taking exactly two of
these three classes can be expressed as

p

q
, where p and q are relatively prime positive integers.

Find p + q.

30. In triangle ABC, tanA = 1 and tanB = 2. If AB = 6
√

5, find the square of the altitude
from A to BC.

31. Two numbers are selected at random, without replacement, from the set {1, 2, . . . , 20}. The

probability that one of these numbers is more than twice the other can be expressed as
m

n
,

where m and n are relatively prime positive integers. Find m + n.

32. In 4ABC, line ` is parallel to AC through B, the angle bisector of 6 A meets line ` at P , and
the angle bisector of 6 C meets line ` at Q. If AB = 20.4, BC = 22.7, and AC = 25.1, find
PQ. Give your answer as a decimal rounded to the nearest tenth.

33. A bank customer starts a savings account with an initial deposit of $1,000. The annual interest
rate is 1.5%, and interest is compounded monthly. After how many months will the amount
in the customer’s account first exceed $1,050?

34. Zach flips a fair coin. What is the expected number of flips it will take for Zach to see two
heads in a row?

35. If 2013 = 10x+2y and 2013 = 1002x+y, what is x + y? Give your answer as a decimal rounded
to the nearest hundredth.

36. If i =
√
−1, find the largest real value of k such that the imaginary part of

(3 + ki)(−2 + i)

k + i
is 6. Give your answer as a reduced fraction.
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37. Find the largest value of x which satisfies log7(x− 8) = log49(x
2 − 14x + 4).

38. Claudia drives from home to work at a constant speed of r miles per hour. She drives the
same distance from work to home at a constant speed of 60 miles per hour. If her average
speed for the round trip is 48 miles per hour, what is r?

39. Two cards are chosen from a standard 52-card deck and shuffled into another 52-card deck.

A card is drawn from the new 54-card deck. The probability this card is a spade is
m

n
, where

m and n are relatively prime positive integers. Find m + n.

40. Find the sum of all integers n such that 1 < n < 300 and
√

1 + 2 + 3 + · · ·+ n is an integer.
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